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Concentration for convex functions

G ∼ N (0, In)
f : Rn → R – L-Lipschitz

=⇒ P
(
|f (G)−Med f (G)| ≥ t

)
≤ 2 exp

(
− t2

2L2

)

Theorem (Talagrand, ’90s)
X1, . . . ,Xn – independent r.v., |Xi | ≤ 1
X := (X1, . . . ,Xn),
f : Rn → R – convex, L-Lipschitz

=⇒ P
(
|f (X )−Med f (X )| ≥ t

)
≤ 4 exp

(
− t2

16L2

)
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A Gaussian small deviation inequality for convex functions

G ∼ N (0, In)
f : Rn → R – L-Lipschitz

=⇒ P
(
|f (G)−Med f (G)| ≥ t

)
≤ 2 exp

(
− t2

2L2

)

Theorem (Paouris–Valettas, 2018)
G ∼ N (0, In)
f : Rn → R – convex with Ef (G)2 <∞

=⇒ P
(
f (G) ≤ Med f (G)− t

)
≤ 1

2 exp
(
− ct2

Var f (G)
)
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Convex infimum convolution inequality

θ : Rn → [0,∞) – convex, symm., θ(x) = 0⇔ x = 0,

Bθ(r) := {x ∈ Rn : θ(x) < r}

f : Rn → R – bdd from below

f �θ(x) := inf
y∈Rn
{f (y) + θ(x − y)}

Theorem (Maurey, 1991)
Assume Eef �θ(X)Ee−f (X) ≤ 1 for all convex f : Rn → R bdd from below.
Then for any convex A ⊆ Rn and r > 0,

P
(
X /∈ A + Bθ(r)

)
P(X ∈ A) ≤ e−r .

Proof. f =∞1{x /∈cl A}; f �θ(x) < r ⇔ ∃y ∈ A s.t. θ(x − y) < r

erP
(
X /∈ A + Bθ(r)

)
P(X ∈ A) ≤ Eef �θ(X)Ee−f (X) ≤ 1.
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|x | 1
p θ

:= inf{a > 0: θ(x/a) ≤ p}, |x |θ,p := sup
{∑

i
xiyi : θ(y) ≤ p

}

P
(
X /∈ A + Bθ(r)

)
P(X ∈ A) ≤ e−r

Apply to

A = {y ∈ Rn : f (y) ≤ Med f (X )},
Ã = {y ∈ Rn : f (y) < Med f (X )− sup

x∈Rn
|∇f (x)|θ,p}.

Corollary
For any smooth convex Lipschitz function f : Rn → R and p ≥ 0,

P
(
|f (X )−Med f (X )| > sup

x∈Rn
|∇f (x)|θ,p

)
≤ 4e−p.
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Coming to the topic of the talk...

X – r.v. in Rn, s.t. for all smooth convex Lipschitz f : Rn → R

P
(
|f (X )−Med f (X )| > sup

x∈Rn
|∇f (x)|θ,p

)
≤ 4e−p. (∗)

Theorem (Adamczak–St., 2019)
For any smooth convex f : Rn → R and any p ≥ 1,∥∥∥(f (X )−Med f (X ))+

|∇f (X )|θ,p

∥∥∥
p
≤ 31/p.(i)

Let P(|∇f (X )|θ,p ≤ Mp) ≥ 3/4. Then, for any p > 0,

P
(
f (X ) < Med f (X )− 4Mp

)
≤ 4e−p,(ii)

P
(
f (X ) < Med f (X )− 16E|∇f (X )|θ,p

)
≤ 4e−p.(ii’)

6 / 7



Coming to the topic of the talk...

X – r.v. in Rn, s.t. for all smooth convex Lipschitz f : Rn → R

P
(
|f (X )−Med f (X )| > sup

x∈Rn
|∇f (x)|θ,p

)
≤ 4e−p. (∗)

Theorem (Adamczak–St., 2019)
For any smooth convex f : Rn → R and any p ≥ 1,∥∥∥(f (X )−Med f (X ))+

|∇f (X )|θ,p

∥∥∥
p
≤ 31/p.(i)

Let P(|∇f (X )|θ,p ≤ Mp) ≥ 3/4. Then, for any p > 0,

P
(
f (X ) < Med f (X )− 4Mp

)
≤ 4e−p,(ii)

P
(
f (X ) < Med f (X )− 16E|∇f (X )|θ,p

)
≤ 4e−p.(ii’)

6 / 7



A specific example

r ≥ 1, θ(x) = c|x |r , |x |θ,p = c−1/r p1/r |x |
X – r.v. in Rn, s.t. for all smooth convex 1-Lipschitz f : Rn → R

P(|f (X )−Med f (X )| > t) ≤ 4 exp(−ctr ). (∗)

∥∥∥(f (X )−Med f (X ))+
|∇f (X )|

∥∥∥
p
≤ 31/pc−1/r p1/r(i)

Cheb.=⇒ P
( f (X )−Med f (X )

|∇f (X )| ≥ t
)
≤ e exp

(
− ctr

(3e)r

)

P
(
f (X ) ≤ Med f (X )− t

)
≤ 4 exp

(
− c tr

16r (E|∇f (X )|)r

)
(ii’)
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