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» F C RY smooth surface —>

S/(F):={peR?: dist(p, F) =r}

is a smooth submanifold for r > 0 small enough

» F C RY convex compact =—> S,(F) is a C1l-submanifold
for all r >0

> even for general (compact) sets F C R?, S,(F) is a “nice” set
for “many” r >0

> sufficient condition: r is a regular value of the distance
function dist(-, F)
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Regular and critical points

> f: U CRY— R differentiable:
> x € U is a critical point of f if Df(x) =0
> x critical point = f(x) is a critical value.
> acRis aregular value = {f = a} is (empty or) a smooth
surface.

> f:UCR?— R locally Lipschitz:

> x € U is a critical point of f if 0 € 9f(x), where 0f(x) C R
is the Clarke subdifferential of f at x

> acRis aregular value = {f = a} is (empty or) a
Lipschitz surface.

» case f = d - distance function from a subset F C RY:
x € critde <= 0 € conv(Mg(x) — x)

Mre(x) € RY - metric projection of x to F
Notation: Lg :={r > 0: S,(F) is not a Lipschitz surface},
cv(dr) := {r > 0 critical values of dr}.
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> (d =2,3, F compact): #(9=D/2(cv(dr)) = 0 (Fu, 1986)
> (d =2, F compact, € > 0): dimp(cv(de) N [g,00)) < 3 (Fu,

1986)
Definition (Minkowski content and dimension)
ACRY s>0
> M(A) = lim.o lA4teE)

» dimy A:=inf{s >0: M’ (A) =0}

Remark: dimyg A < dimy A
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Theorem
Let e > 0 and K C [e,00) be compact. Then TFAE:

(i) K C Lg for some F C R? compact;
(i) K C cv(dg) for some F C R? compact;
(iii) K isa BT, -set.
2

Remark: K is a BT%—set — dimy K < %
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Ildea od proof

(i) = (iii):
» x critical point of dF = (dr)'(x,v) has a “jump” in
direction v pointing to a nearest point of F, hence crit dg can
be covered locally by a finite number of Lipschitz graphs.

> A use of the inequality due to Ferry
dr(x)2 = de(y)] < lIx — yI2,  x.y critical
yields that cv(dF) is a BT%—set.
(i) = (i):
» g(y) := const G%(K N[a, y]),

> F:={(g(y),ty): y € K},
» (g(y),0), y € K, are critical points of df.
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A (strange) corollary

Corollary

Let D > 0 and [a, f] C (0,00) be given. Then there exists a finite
set P C [«, (] such that P Ncv(dg) # O whenever ) = F C M is
compact and diam F < D.

Remark: card P = |constD*(3 — a)*lﬁ—%J +3
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Second result

Theorem
Let A C (0,00). Then TFAE:

(i) A C Lg for some F C R? compact;
(i) A C cv(dF) for some F C R? compact;
(ii) A is bounded, Lebesgue null and

/OO G1(AN[eg,00))Ve de < 0.
0 2

Corollary

If F C R? is compact then Mg(cv(d;:)) = 0. Hence,
dimM(CV(dF)) < %

Remark: There exists a compact set F C R? with
G%(cv(dF)) = 0o (hence, dimu(cv(dF)) = 2).
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Critical values in Riemannian manifolds

M complete, connected Riemannian manifold, F C M closed,
dr(x) distance in M from x to F

Definition

p € M is a critical point of df if for any chart (U, ¢) covering p,
#(p) is a critical point of dr o 1. Equivalently, p is critical for dr
if for any unit vector v € T,M there exists a shortest segment

v 1[0, r] = M with v(0) = p, ¥(r) € F such that Z(v,~(0)) < 3.
(Grove)

Theorem
Let M be a connected complete two-dimensional Riemannian
manifold, ) # F C M compact and £ > 0. Then cv(dg) N [g,00) is

a BTi-set. In particular, ./\/l%(cv(dp)) =0.
2
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Basic tool: Ferry's inequality

Recall: If M = R? then

d(x)2 = dr (¥)?] < X — y[%,  x.y critical.

Weaker, local version in M:

Lemma
For any ) # K C M\ F compact there exists C > 0 such that for

any p,q € K that are critical for dr,

|de(p)? — dr(q)?| < Cdist(p, 9)°.

The proof uses the Toponogov comparison theorem (M is locally a
space of curvature bounded from below).
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» Critical values of distance functions in Alexandrov spaces

» in dimension d > 3 - cv(dF) can have positive Lebesgue
measure

P properties for special sets or set classes are of importance
(self-similar fractal sets, Brownian path...)



