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-
History

e John (1949) “Isotropic Characterization” when a symmetric convex
body has the property that Bf C K and if £ C K then |£] < |Bj|.
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History

e John (1949) “Isotropic Characterization” when a symmetric convex
body has the property that Bf C K and if £ C K then |£] < |Bj|.

@ Dvoretzky-Rogers (1950): If K C R" convex and symmetric in R”,
then there exists F € G« such that

BY c knFcV3BE.
o Grothendieck Question (1953): Can one replace the Bf in the above

with (14 ¢)BS and still dim(F) — co? Evaluate the best
dependance on the parameters n, ¢.
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|
History

e John (1949) “Isotropic Characterization” when a symmetric convex
body has the property that Bf C K and if £ C K then |£] < |Bj|.

@ Dvoretzky-Rogers (1950): If K C R" convex and symmetric in R”,
then there exists F € G« such that

BY c knFcV3BE.

o Grothendieck Question (1953): Can one replace the Bf in the above
with (14 ¢)BS and still dim(F) — co? Evaluate the best
dependance on the parameters n, ¢.

o Dvoretzky (1961). For every € > 0 and for every n and every K € R"
Vlogn

for k ~ €Toglog

there exists a a > and a subspace F € G, such that
F F
382 gKﬂFg(l+€)aB2
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History-Dvoretzky's theorem

@ V. Milman (1971) (Random) For every € > 0 and for every n and
every K € R” for k ~ ﬁ log n there exists a a > and a subspace
F € Gp such that

aBf CKNFC(1+4¢)aB).
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e V. Milman (1971) (Random) For every € > 0 and for every n and
every K € R” for k ~ ﬁ log n there exists a a > and a subspace
F € Gp such that

aBf CKNFC(1+4¢)aB).

e Gordon (1985) (Min-Max Theorem) (Random) k =~ &2 log n.
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e V. Milman (1971) (Random) For every € > 0 and for every n and
every K € R” for k ~ ﬁ log n there exists a a > and a subspace
F € Gp such that

aBf CKNFC(1+4¢)aB).

e Gordon (1985) (Min-Max Theorem) (Random) k =~ &2 log n.
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History-Dvoretzky's theorem

e V. Milman (1971) (Random) For every € > 0 and for every n and
every K € R” for k ~ ﬁ log n there exists a a > and a subspace
F € Gp such that

aBf CKNFC(1+4¢)aB).

e Gordon (1985) (Min-Max Theorem) (Random) k =~ &2 log n.
@ Schechtman (1987) (Chaining) (Random) k =~ &2log n.

@ Schechtman (2006) (Existence) log n.

k> ey
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History-Dvoretzky's theorem

e V. Milman (1971) (Random) For every € > 0 and for every n and

every K € R” for k ~ ﬁ log n there exists a a > and a subspace
F € Gp such that

aBf CKNFC(1+4¢)aB).

Gordon (1985) (Min-Max Theorem) (Random) k ~ &2 log n.
Schechtman (1987) (Chaining) (Random) k =~ &2log n.
Schechtman (2006) (Existence) k ~ m

P.-Valettas (2018) (Random) k ~ Tog(i7e) 108 n-

log n.
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V. Milman: The concentration of measure

@ Let G be a standard n-dimensional Gaussian random vector.
Let f : R" — Ry be an L-Lipschitz function. Then for t > 0,

t2

2
P (|f(G) — Ef(G)| > tEf(G)) < 2exp {—2 (IE[) }

o if f:=| |k then L:= b(K) := maxycsn-1 ||0] k.

o Let K be a symmetric convex body in R". We write

0= (5er)

for the ‘Dvoretzky number” of K.
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V. Milman: The concentration of measure

e Concentration again for f := || - || x:

e2 (Ef\?
P(If(G) —Ef| > eEf) <2expq —— () .6>0
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V. Milman: The concentration of measure

e Concentration again for f := || - ||

P(|f(G) — IEf|>dEf)<2exp{ 0} <ELf> },5>0

@ a net argument implies that for a random F € G, , where
k>~ Iogl/e (K)
(1-¢)aBf CKNFC(1+¢)aBys,

where a = ¢,Ef.
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V. Milman: The concentration of measure

e Concentration again for f := || - ||

P(|f(G) — Ef|>5Ef)<2exp{ 0} <ELf> },5>0

@ a net argument implies that for a random F € G, , where
k>~ Iogl/e (K)

(1-¢)aBf CKNFC(1+¢)aBys,

where a = ¢,Ef.
@ In John's position x(K) > log n (Sharp for BY.).
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But the concentration inequality is sharp?

@ Yes in the “large deviation regime” € > 1 for all symmetric convex
bodies!
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But the concentration inequality is sharp?

@ Yes in the “large deviation regime” € > 1 for all symmetric convex
bodies!

e For e € (0,1) NO. Examples:
1
o Consider |[xl4 := (37 [xi|*)*. Then

B(|Glls —ElGlla| > cE[[G[la) < 2exp{—cv/nv/E}, e € (0,1)
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But the concentration inequality is sharp?

@ Yes in the “large deviation regime” € > 1 for all symmetric convex
bodies!

e For e € (0,1) NO. Examples:
1
o Consider |[xl4 := (37 [xi|*)*. Then

P(Glla — EIGlla] > <E[Glls) < 2exp{—cv/mvE},e € (0,1)
o Consider ||x|loo 1= maxj<p |xj|. Then

P(IIGllcc — EllGlloo| = €E[|Glloc) < 2exp{—clogne}, e € (0,1)

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 8/25



Main result: Concentration - P.-Valettas

o If K is a symmetric convex body in R” we write

A(K.e) :=P(llIGllk — ElGlk| = cE[ G]lx) e € (0,1)
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Main result: Concentration - P.-Valettas

o If K is a symmetric convex body in R” we write
A(K,e) = P(llGllk — EllGllk| = E[|Gl|x) e  (0,1)

@ Theorem (P., Valettas, 2018): For every convex body K there exists
K a linear image of K such that

A(K,e) < A(Bso, ce), € >0
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Main result: Concentration - P.-Valettas

o If K is a symmetric convex body in R” we write
A(K,e) = P(llGllk — EllGllk| = E[|Gl|x) e  (0,1)

@ Theorem (P., Valettas, 2018): For every convex body K there exists
K a linear image of K such that

A(K,e) < A(Bso, ce), € >0

o (Tikhomirov, 2017) The 1-uncoditional case in the {-position.
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N
Difficulties

@ A new position is needed.
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Difficulties

@ A new position is needed.

@ The result is NOT true in John position. (Tikhomirov, 2017) There
exists a 1-uncoditional convex body K in ‘John’s position” such that

A(K,e) > cexp{—c'e?log n}e € (0,1).

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 10 / 25



N
Difficulties

@ A new position is needed.

@ The result is NOT true in John position. (Tikhomirov, 2017) There
exists a 1-uncoditional convex body K in ‘John’s position” such that

A(K,e) > cexp{—c'e?log n}e € (0,1).

@ When ¢ € (0,1), A(K,e) is NOT stable!

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 10 / 25



N
Difficulties

@ A new position is needed.

@ The result is NOT true in John position. (Tikhomirov, 2017) There
exists a 1-uncoditional convex body K in ‘John’s position” such that

A(K,e) > cexp{—c'e?log n}e € (0,1).

@ When ¢ € (0,1), A(K,e) is NOT stable!

@ For every symmetric convex body in R” there exists a K1 € R" such
that
de(K, K1) <2

and
A(K1,€) > cexp{—c'e?k(K)},e € (0,1).
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Elements of the proof- Superconcentration

@ Superconcentration: Use of “Talagrand's” Ly — Ly inequality.

var(f)SCzn: ||8,-f\|§f .
,11+|og(H ”2)

fllx
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Elements of the proof- Superconcentration

@ Superconcentration: Use of “Talagrand's” Ly — Ly inequality.

n 112
var(f) < CZ 19:F113

0;f
= 1+ los (forf)

e Balance the ||0;f||1. (Borsuk-Ulam) There exists a diagonal map A
such that
10i(f o N)[lr = [19;(F o N[
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Elements of the proof- The unconditional Constant

@ Then (apply for f := || - |[x) one can show that

< _ _n
A(K,e) < Cexp( cslogu(K)2) ,e€(0,1)

where U(K) is the “unconditional constant” of K.
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Elements of the proof- The unconditional Constant

@ Then (apply for f := || - |[x) one can show that

< _ _n
A(K,e) < Cexp( cslogu(K)2) ,e€(0,1)

where U(K) is the “unconditional constant” of K.
e In general U(K) < /n.
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-
Elements of the proof- The dichotomy of Alon-Milman

@ Alon-Milman , Talagrand. Dichotomy: Either k(k) is n” for some
v €(0,1) or
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-
Elements of the proof- The dichotomy of Alon-Milman

@ Alon-Milman , Talagrand. Dichotomy: Either k(k) is n” for some
v €(0,1) or

@ or there exists a subspace F of dimension n’ such that
UK N F) < n"with n << 3.
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-
The main result-Dvoretzky type

e Theorem: (P. -Valettas, 2018) For every symmetric convex body K
in R" there exists a linear image K such that for every € > 0 and
k ~ ﬁ log n a random subspace of dimension k satisfies

a(l1—¢)BY CKNFC(1+¢)aBf,

where a := ¢,E[/ G| ;.
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-
The main result-Dvoretzky type

e Theorem: (P. -Valettas, 2018) For every symmetric convex body K
in R" there exists a linear image K such that for every € > 0 and

k ~ w log n a random subspace of dimension k satisfies

a(l1—¢)BY CKNFC(1+¢)aBf,

where a := ¢,E[/ G| ;.

e Theorem: ( Tikhomirov (2014)) Let a:= ¢,E||G||c. If for a random
subspace F 3
a(l1—¢)Bf CB.oNF C(1+¢)aBf,

then k < ci 572 1/5 log n .
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|
The small ball problem

o Let f:= ||k and £ € (0, 3).

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 15 / 25



-
The small ball problem
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@ What can we say about small deviation inequalities:

P(f(G) < (1 — )Ef) <?

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 15 / 25



-
The small ball problem

o Let f:= ||k and £ € (0, 3).

@ What can we say about small deviation inequalities:
P(f(G) <(1—-¢)Ef) <7
@ or small ball probabilities

P (f(G) < cEf) <?
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The small ball problem- examples

o Let f:=| |k and € € (0, 3).
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The small ball problem- examples

o Let f:=|-|xandcc (07%)'
) 2
P([|Glls < (1 — )E||Glla) < cre”=™.
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The small ball problem- examples

o Let f:=|-|xandcc (07%)'
) 2
P([|Glls < (1 — )E||Glla) < cre”=™.

cpelogn

P(l[Gllo < (1 = e)E[|G]loc) < c1e™®

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 16 / 25



The small ball problem- examples

o Let f:=|-|xandcc (07%)'
) 2
P([|Glls < (1 — )E||Glla) < cre”=™.

cpelogn

P(l[Gllo < (1 = e)E[|G]loc) < c1e™®

@ The concentration inequality gives

P(||Gllk < (1 -€)E|G|k) < cre="K),
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Comparison of the behaviour

e Consider the norm ||G||4. Then one can check that

P(||Glla > tE[Glla) < eV ¢ > 2
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Comparison of the behaviour

e Consider the norm ||G||4. Then one can check that

P(||Glla > tE[Glla) < eV ¢ > 2

@ but
P(IGlla < ceE||Glls) < &",e <

N
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Comparison of the behaviour

e Consider the norm ||G||4. Then one can check that
P(|Glls > tEI|Glla) < eV £ > 2

@ but

N

P(Glla < ceE[[Glla) <e",e <

e Consider ||G||s. Then one can check that

P([|Glloc > tE]|Gloc) < e 18", £ > 2
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Comparison of the behaviour

Consider the norm ||G||s. Then one can check that

P(||Glla > tE[Glla) < eV ¢ > 2

@ but
P(IGlla < ceE||Glls) < &",e <

N

Consider ||G||oo- Then one can check that

P([|Glloc > tE]|Gloc) < e 18", £ > 2

@ but
1—c’e

P(l[Glloc < ceE[[Glloc) < €™ e <
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Main Result, Small ball for norms

e P. K. Tikhomirov P. Valettas Let || - || be a norm in R".
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Main Result, Small ball for norms

e P. K. Tikhomirov P. Valettas Let || - || be a norm in R".
@ If || - || is 1-unconditional, in the ¢—position, then for any ¢ € (0,1/2]
we have

P{IG]| < EI|G||} < 2exp (—n'~").
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Main Result, Small ball for norms

e P. K. Tikhomirov P. Valettas Let || - || be a norm in R".
@ If || - || is 1-unconditional, in the ¢—position, then for any ¢ € (0,1/2]
we have

P{IG]| < EI|G||} < 2exp (—n'~").

@ If || - || is an arbitrary norm in R”, then there exists a linear invertible
map T such that for every ¢ € (0,1/2] we have

P{||TG|| < JE|| TG||} < 2exp <_,,1/4—c52) '
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Main Result, Small deviation inequalities for norms

e (P., K. Tikhomirov, P. Valettas, 2019) Let || - || be a norm in R".
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Main Result, Small deviation inequalities for norms

e (P., K. Tikhomirov, P. Valettas, 2019) Let || - || be a norm in R".

e If || - || is 1-unconditional in the ¢—position, then for any ¢ € (0,1/2)
we have
PGl < (1 = 2)E[G][} < 2exp(=n).
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Main Result, Small deviation inequalities for norms

e (P., K. Tikhomirov, P. Valettas, 2019) Let || - || be a norm in R".

e If || - || is 1-unconditional in the ¢—position, then for any ¢ € (0,1/2)

we have
P{IG]| < (1 = 2)E[| G|} < 2exp(—n=).

@ In the general case, there exists an invertible linear map T such that
for any € € (0,1/2) we have

PTG < (1 - 2)E[ G|} < 2exp(—n®).
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Corollaries - One-sided Dvoretzky's theorem

@ Let K be a symmetric convex body in R”. Then there exists a linear
~ 1
image of K, K such that for every 1 < m < n5 for a random
k-dimensional subspace F € G, «

cW(K)BS C PEK.
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Corollaries - One-sided Dvoretzky's theorem

@ Let K be a symmetric convex body in R”. Then there exists a linear
~ 1
image of K, K such that for every 1 < m < n5 for a random
k-dimensional subspace F € G, «

cW(K)BS C PEK.

@ Moreover, if K is 1-uncoditional in the minimal mean width position,
2 . .
for any € € (0,3) and k < cn'~°¢" the random k-dimensional F

satisfies c 3 }
?W(K)Bf C PeK.
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Corollaries - Concentration of Quermassintegrals

@ Let K be a symmetric convex body in R" and let 1 < k < n—1. Let

1 %
Qk(K) = (Iszl/c |PFK|dF> .
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Corollaries - Concentration of Quermassintegrals

@ Let K be a symmetric convex body in R" and let 1 < k < n—1. Let

1 %
Qk(K) = (Iszl/c |PFK|dF> .

@ Note that Q;1(K) := W(K) and Q,(K) := v.r.(K).
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Corollaries - Concentration of Quermassintegrals

@ Let K be a symmetric convex body in R" and let 1 < k < n—1. Let

1 %
Qk(K) = (Iszl/c |PFK|dF> .

@ Note that Q;1(K) := W(K) and Q,(K) := v.r.(K).

@ The Alexandrov's inequality implies that

Qn(K) < Qn-1(K) < -+ < Gu(K).
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Corollaries - Concentration of Quermassintegrals

@ Let K be a symmetric convex body in R” Then there exists a linear
~ 1
image of K, K such that for every 1 < m < n5 such that

Qk(K) > cQi(K).
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Corollaries - Concentration of Quermassintegrals

@ Let K be a symmetric convex body in R” Then there exists a linear
~ 1
image of K, K such that for every 1 < m < n5 such that

Qk(K) > cQi(K).

@ Moreover, if K is 1-uncoditional in the minimal mean width position,
for any € € (0,3) and k < cnt—ee?,

Qk(K) > ceZQl(K).
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Elements of the proof

@ Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P (f(c) < Ef(G) — 5\/W) < 2e7<,
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Elements of the proof

@ Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P (f(c) <Ef(G) —¢ var(f)) < 2e7<,

@ (‘Semigroup smoothening”) Let P; be Ornstein-Uhlenbeck semigroup

P.(F)(x) := Ef <e—fx V1o ef2tG) .
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Elements of the proof

@ Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P (f(c) <Ef(G) —¢ var(f)) < 2e7<,

@ (‘Semigroup smoothening”) Let P; be Ornstein-Uhlenbeck semigroup
P(F)(x) = Bf (e7x+ V1-e26).

@ P.f is again convex, P;f = Ef .
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Elements of the proof

e (Hypercontractivity) var(P.f) decays exponentially fast with respect
to t.
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Elements of the proof

e (Hypercontractivity) var(P.f) decays exponentially fast with respect
to t.

@ (Superconcentration) Precise estimates for the decay with respect to
superconcentration.

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 24 / 25



Elements of the proof

e (Hypercontractivity) var(P.f) decays exponentially fast with respect
to t.

@ (Superconcentration) Precise estimates for the decay with respect to
superconcentration.

@ Optimize with respect to t and .
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-
Thank you!

Thank you
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