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History

John (1949) “Isotropic Characterization” when a symmetric convex
body has the property that Bn

2 ⊆ K and if E ⊆ K then |E| < |Bn
2 |.

Dvoretzky-Rogers (1950): If K ⊆ Rn convex and symmetric in Rn,
then there exists F ∈ Gn,k such that

BF
2 ⊆ K ∩ F ⊆

√
3BF
∞.

Grothendieck Question (1953): Can one replace the BF
∞ in the above

with (1 + ε)BF
2 and still dim(F )→∞? Evaluate the best

dependance on the parameters n, ε.

Dvoretzky (1961). For every ε > 0 and for every n and every K ∈ Rn

for k ' ε
√
log n

log log n there exists a a > and a subspace F ∈ Gn,k such that

aBF
2 ⊆ K ∩ F ⊆ (1 + ε)aBF

2 .
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History-Dvoretzky’s theorem

V. Milman (1971) (Random) For every ε > 0 and for every n and

every K ∈ Rn for k ' ε2

log 1/ε log n there exists a a > and a subspace
F ∈ Gn,k such that

aBF
2 ⊆ K ∩ F ⊆ (1 + ε)aBF

2 .

Gordon (1985) (Min-Max Theorem) (Random) k ' ε2 log n.

Schechtman (1987) (Chaining) (Random) k ' ε2 log n.

Schechtman (2006) (Existence) k ' ε
log2(1/ε)

log n.

P.-Valettas (2018) (Random) k ' ε
log(1/ε) log n.
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V. Milman: The concentration of measure

Let G be a standard n-dimensional Gaussian random vector.
Let f : Rn → R+ be an L-Lipschitz function. Then for t > 0,

P (|f (G )− Ef (G )| ≥ tEf (G )) ≤ 2 exp

{
− t2

2

(
Ef
L

)2
}
.

if f := ‖ · ‖K then L := b(K ) := maxθ∈Sn−1 ‖θ‖K .

Let K be a symmetric convex body in Rn. We write

κ(K ) :=

(
E‖G‖K
b(K )

)2

for the ‘Dvoretzky number” of K .
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V. Milman: The concentration of measure

Concentration again for f := ‖ · ‖K :

P (|f (G )− Ef | ≥ εEf ) ≤ 2 exp

{
−ε

2

2

(
Ef
L

)2
}
, ε > 0

a net argument implies that for a random F ∈ Gn,k , where

k ' ε2

log 1/εκ(K )

(1− ε)aBF
2 ⊆ K ∩ F ⊆ (1 + ε)aBF

2 ,

where a = cnEf .

In John’s position κ(K ) ≥ log n (Sharp for Bn
∞).

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 7 / 25



V. Milman: The concentration of measure

Concentration again for f := ‖ · ‖K :

P (|f (G )− Ef | ≥ εEf ) ≤ 2 exp

{
−ε

2

2

(
Ef
L

)2
}
, ε > 0

a net argument implies that for a random F ∈ Gn,k , where

k ' ε2

log 1/εκ(K )

(1− ε)aBF
2 ⊆ K ∩ F ⊆ (1 + ε)aBF

2 ,

where a = cnEf .

In John’s position κ(K ) ≥ log n (Sharp for Bn
∞).

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 7 / 25



V. Milman: The concentration of measure

Concentration again for f := ‖ · ‖K :

P (|f (G )− Ef | ≥ εEf ) ≤ 2 exp

{
−ε

2

2

(
Ef
L

)2
}
, ε > 0

a net argument implies that for a random F ∈ Gn,k , where

k ' ε2

log 1/εκ(K )

(1− ε)aBF
2 ⊆ K ∩ F ⊆ (1 + ε)aBF

2 ,

where a = cnEf .

In John’s position κ(K ) ≥ log n (Sharp for Bn
∞).

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 7 / 25



But the concentration inequality is sharp?

Yes in the “large deviation regime” ε ≥ 1 for all symmetric convex
bodies!

For ε ∈ (0, 1) NO. Examples:

Consider ‖x‖4 :=
(∑n

i=1 |xi |4
) 1

4 . Then

P (|‖G‖4 − E‖G‖4| ≥ εE‖G‖4) ≤ 2 exp{−c
√
n
√
ε}, ε ∈ (0, 1)

Consider ‖x‖∞ := maxi≤n |xi |. Then

P (|‖G‖∞ − E‖G‖∞| ≥ εE‖G‖∞) ≤ 2 exp{−c log nε}, ε ∈ (0, 1)
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Main result: Concentration - P.-Valettas

If K is a symmetric convex body in Rn we write

A(K , ε) := P (|‖G‖K − E‖G‖K | ≥ εE‖G‖K ) , ε ∈ (0, 1)

Theorem (P., Valettas, 2018): For every convex body K there exists
K̃ a linear image of K such that

A(K̃ , ε) ≤ A(B∞, cε), ε > 0

(Tikhomirov, 2017) The 1-uncoditional case in the `-position.
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Difficulties

A new position is needed.

The result is NOT true in John position. (Tikhomirov, 2017) There
exists a 1-uncoditional convex body K in ‘John’s position” such that

A(K , ε) ≥ c exp{−c ′ε2 log n}ε ∈ (0, 1).

When ε ∈ (0, 1), A(K , ε) is NOT stable!

For every symmetric convex body in Rn there exists a K1 ∈ Rn such
that

dG (K ,K1) ≤ 2

and
A(K1, ε) ≥ c exp{−c ′ε2κ(K )}, ε ∈ (0, 1).
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Elements of the proof- Superconcentration

Superconcentration: Use of “Talagrand’s” L1 − L2 inequality.

var(f ) ≤ C
n∑

i=1

‖∂i f ‖22
1 + log

(
‖∂i f ‖2
‖∂i f ‖1

) .

Balance the ‖∂i f ‖1. (Borsuk-Ulam) There exists a diagonal map Λ
such that

‖∂i (f ◦ Λ)‖1 = ‖∂j(f ◦ Λ)‖1.
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Elements of the proof- The unconditional Constant

Then (apply for f := ‖ · ‖K ) one can show that

A(K , ε) ≤ C exp

(
−c ′ε log

n

U(K )2

)
, ε ∈ (0, 1)

where U(K ) is the “unconditional constant” of K .

In general U(K ) ≤
√
n.
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Elements of the proof- The dichotomy of Alon-Milman

Alon-Milman , Talagrand. Dichotomy: Either k(κ) is nγ for some
γ ∈ (0, 1) or

or there exists a subspace F of dimension nδ such that
U(K ∩ F ) < nη with η << δ

2 .
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The main result-Dvoretzky type

Theorem: (P. -Valettas, 2018) For every symmetric convex body K
in Rn there exists a linear image K̃ such that for every ε > 0 and
k ' ε

log 1/ε log n a random subspace of dimension k satisfies

a(1− ε)BF
2 ⊆ K̃ ∩ F ⊆ (1 + ε)aBF

2 ,

where a := cnE‖G‖K̃ .

Theorem: ( Tikhomirov (2014)) Let a := cnE‖G‖∞. If for a random
subspace F

a(1− ε)BF
2 ⊆ B̃∞ ∩ F ⊆ (1 + ε)aBF

2 ,

then k ≤ c ε
log 1/ε log n .
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The small ball problem

Let f := ‖ · ‖K and ε ∈ (0, 12).

What can we say about small deviation inequalities:

P (f (G ) ≤ (1− ε)Ef ) ≤?

or small ball probabilities

P (f (G ) ≤ εEf ) ≤?
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The small ball problem- examples

Let f := ‖ · ‖K and ε ∈ (0, 12).

P (‖G‖4 ≤ (1− ε)E‖G‖4) ≤ c1e
−c2ε2n.

P (‖G‖∞ ≤ (1− ε)E‖G‖∞) ≤ c1e
−ec2ε log n

.

The concentration inequality gives

P (‖G‖K ≤ (1− ε)E‖G‖K ) ≤ c1e
−ε2κ(K).
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Comparison of the behaviour

Consider the norm ‖G‖4. Then one can check that

P (‖G‖4 ≥ tE‖G‖4) ≤ e−ct
2√n, t ≥ 2

but

P (‖G‖4 ≤ cεE‖G‖4) ≤ εn, ε ≤ 1

2

Consider ‖G‖∞. Then one can check that

P (‖G‖∞ ≥ tE‖G‖∞) ≤ e−ct
2 log n, t ≥ 2

but

P (‖G‖∞ ≤ cεE‖G‖∞) ≤ e−cn
1−c′ε

, ε ≤ 1

2

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 17 / 25



Comparison of the behaviour

Consider the norm ‖G‖4. Then one can check that

P (‖G‖4 ≥ tE‖G‖4) ≤ e−ct
2√n, t ≥ 2

but

P (‖G‖4 ≤ cεE‖G‖4) ≤ εn, ε ≤ 1

2

Consider ‖G‖∞. Then one can check that

P (‖G‖∞ ≥ tE‖G‖∞) ≤ e−ct
2 log n, t ≥ 2

but

P (‖G‖∞ ≤ cεE‖G‖∞) ≤ e−cn
1−c′ε

, ε ≤ 1

2

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 17 / 25



Comparison of the behaviour

Consider the norm ‖G‖4. Then one can check that

P (‖G‖4 ≥ tE‖G‖4) ≤ e−ct
2√n, t ≥ 2

but

P (‖G‖4 ≤ cεE‖G‖4) ≤ εn, ε ≤ 1

2

Consider ‖G‖∞. Then one can check that

P (‖G‖∞ ≥ tE‖G‖∞) ≤ e−ct
2 log n, t ≥ 2

but

P (‖G‖∞ ≤ cεE‖G‖∞) ≤ e−cn
1−c′ε

, ε ≤ 1

2

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 17 / 25



Comparison of the behaviour

Consider the norm ‖G‖4. Then one can check that

P (‖G‖4 ≥ tE‖G‖4) ≤ e−ct
2√n, t ≥ 2

but

P (‖G‖4 ≤ cεE‖G‖4) ≤ εn, ε ≤ 1

2

Consider ‖G‖∞. Then one can check that

P (‖G‖∞ ≥ tE‖G‖∞) ≤ e−ct
2 log n, t ≥ 2

but

P (‖G‖∞ ≤ cεE‖G‖∞) ≤ e−cn
1−c′ε

, ε ≤ 1

2

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 17 / 25



Main Result, Small ball for norms

P. K. Tikhomirov P. Valettas Let ‖ · ‖ be a norm in Rn.

If ‖ · ‖ is 1–unconditional, in the `–position, then for any δ ∈ (0, 1/2]
we have

P {‖G‖ ≤ δE‖G‖} ≤ 2 exp
(
−n1−Cδ2

)
.

If ‖ · ‖ is an arbitrary norm in Rn, then there exists a linear invertible
map T such that for every δ ∈ (0, 1/2] we have

P {‖TG‖ ≤ δE‖TG‖} ≤ 2 exp
(
−n1/4−Cδ2

)
.
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Main Result, Small deviation inequalities for norms

(P. , K. Tikhomirov, P. Valettas, 2019) Let ‖ · ‖ be a norm in Rn.

If ‖ · ‖ is 1-unconditional in the `–position, then for any ε ∈ (0, 1/2)
we have

P {‖G‖ ≤ (1− ε)E‖G‖} ≤ 2 exp (−ncε) .

In the general case, there exists an invertible linear map T such that
for any ε ∈ (0, 1/2) we have

P{‖TG‖ ≤ (1− ε)E‖G‖} ≤ 2 exp (−ncε) .
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Corollaries - One-sided Dvoretzky’s theorem

Let K be a symmetric convex body in Rn. Then there exists a linear

image of K , K̃ such that for every 1 ≤ m ≤ n
1
5 for a random

k-dimensional subspace F ∈ Gn,k

cW (K̃ )BF
2 ⊆ PF K̃ .

Moreover, if K is 1-uncoditional in the minimal mean width position,
for any ε ∈ (0, 12) and k ≤ cn1−cε

2
the random k-dimensional F

satisfies
c

ε2
W (K̃ )BF

2 ⊆ PF K̃ .
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Corollaries - Concentration of Quermassintegrals

Let K be a symmetric convex body in Rn and let 1 ≤ k ≤ n − 1. Let

Qk(K ) :=

(
1

|Bk
2 |

∫
Gn,k

|PFK |dF

) 1
k

.

Note that Q1(K ) := W (K ) and Qn(K ) := v.r.(K ).

The Alexandrov’s inequality implies that

Qn(K ) ≤ Qn−1(K ) ≤ · · · ≤ Q1(K ).
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Elements of the proof

Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P
(
f (G ) ≤ Ef (G )− ε

√
var(f )

)
≤ 2e−cε

2
.

(‘Semigroup smoothening”) Let Pt be Ornstein-Uhlenbeck semigroup

Pt(f )(x) := Ef
(
e−tx +

√
1− e−2tG

)
.

Pt f is again convex, Pt f = Ef .

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 23 / 25



Elements of the proof

Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P
(
f (G ) ≤ Ef (G )− ε

√
var(f )

)
≤ 2e−cε

2
.

(‘Semigroup smoothening”) Let Pt be Ornstein-Uhlenbeck semigroup

Pt(f )(x) := Ef
(
e−tx +

√
1− e−2tG

)
.

Pt f is again convex, Pt f = Ef .

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 23 / 25



Elements of the proof

Small deviation inequality for convex functions (Ehrhard). If f is
convex,

P
(
f (G ) ≤ Ef (G )− ε

√
var(f )

)
≤ 2e−cε

2
.

(‘Semigroup smoothening”) Let Pt be Ornstein-Uhlenbeck semigroup

Pt(f )(x) := Ef
(
e−tx +

√
1− e−2tG

)
.

Pt f is again convex, Pt f = Ef .

G. Paouris (Texas A&M University) Almost Euclidean sections of convex bodies 16 September 2019 23 / 25



Elements of the proof

(Hypercontractivity) var(Pt f ) decays exponentially fast with respect
to t.

(Superconcentration) Precise estimates for the decay with respect to
superconcentration.

Optimize with respect to t and ε.
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Thank you!

Thank you
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