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K" ... non-empty, compact, convex subsets of R” (convex bodies).
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Valuations

K" ... non-empty, compact, convex subsets of R” (convex bodies).

Definition (Valuation)

A map p: K" — R such that

p(KUL) +u(KNL) = p(K)+ (L), VYK,LeK"st. KULe K"
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K" ... non-empty, compact, convex subsets of R” (convex bodies).

Definition (Valuation)

A map p: K" — R such that

p(KUL) +u(KNL) = p(K)+ (L), VYK,LeK"st. KULe K"

m Measures

Fabian Mussnig

SL(n) invariant valuations on convex functions



Valuations on /C" Valuations on Convcee(R") Valuations on Convgee(R", Valuations on Convsc

Valuations

K" ... non-empty, compact, convex subsets of R” (convex bodies).

Definition (Valuation)

A map p: K" — R such that

p(KUL) +u(KNL) = p(K)+ (L), VYK,LeK"st. KULe K"

m Measures
m Intrinsic Volumes: pu(K) = Vi(K)
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A Classification Result

Theorem (Blaschke, 1930s)

Forn>2,amap p: K" — R is a continuous
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A Classification Result

Theorem (Blaschke, 1930s)

Forn>2,amap p: K" — R is a continuous

m translation invariant: p(K + x) = u(K), VxeR”
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A Classification Result

Theorem (Blaschke, 1930s)

Forn>2,amap p: K" — R is a continuous
m translation invariant: p(K + x) = u(K), VxeR”
m SL(n) invariant: p(¢K) = u(K), V¢ € SL(n)
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Valuations on Convsc(R"

A Classification Result

Theorem (Blaschke, 1930s)

Forn>2,amap p: K" — R is a continuous
m translation invariant: p(K + x) = u(K), VxeR”
m SL(n) invariant: p(¢K) = u(K), V¢ € SL(n)
valuation if and only if there exist constants cp, ¢, € R such that

,U,(K) = Q V()(K) -+ CnVn(K)

for every K € K".
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McMullen Decomposition

Theorem (McMullen, 1977)

If w: K" — R is a continuous and translation invariant valuation
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McMullen Decomposition

Theorem (McMullen, 1977)

If w: K" — R is a continuous and translation invariant valuation,
then g, ...,y : K" — R s.t.

p=po + -t
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McMullen Decomposition

Theorem (McMullen, 1977)

If w: K" — R is a continuous and translation invariant valuation,
then g, ...,y : K" — R s.t.

p=po + -t

with .
wi(AK) = X' pi(K) (i-homogeneous)
for every K € K", A\ >0, i € {0,...,n}.
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Valuations on Function Spaces

F ... space of real-valued functions.
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Valuations on Function Spaces
F ... space of real-valued functions.

Definition (Valuation)
A map Z: F — R such that

Z(fvg)+Z(frg)=Z(f)+Z(g), Vf,ge Fst fvg,fAgeF.
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Valuations on Function Spaces
F ... space of real-valued functions.

Definition (Valuation)
A map Z: F — R such that

Z(fvg)+Z(frng) =Z(f)+Z(g), Vf,ge€ Fst fvg,fAgeF.

For K,L € K" such that KU L € K",
mIxVI1=1ku, IxAlp=ITlknr.
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Valuations on Function Spaces
F ... space of real-valued functions.

Definition (Valuation)
A map Z: F — R such that

Z(fvg)+Z(frng) =Z(f)+Z(g), Vf,ge€ Fst fvg,fAgeF.

For K,L € K" such that KU L € K",
mIxVI1=1ku, IxAlp=ITlknr.
[ I%O\/I‘zo :Ij’(om_, I%OAICL’O :If(oul_.
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Valuations on Function Spaces
F ... space of real-valued functions.

Definition (Valuation)
A map Z: F — R such that

Z(fvg)+Z(frg)=Z(f)+Z(g), Vf,ge Fst fvg,fAgeF.

Baryshnikov & Ghrist 2009, Baryshnikov & Ghrist 2010, Tsang
2010, Ludwig 2011, Baryshnikov & Ghrist & Lipsky 2011, Ludwig
2012, Tsang 2012, Baryshnikov & Ghrist & Wright 2013, Ober
2014, Kone 2014, Caglar & Werner 2014, Cavallina & Colesanti
2015, Ma 2016, Colesanti & Lombardi 2017, Colesanti & Lombardi
& Parapatits 2018, Alesker 2019, Li & Schiitt & Werner 2019 . ..
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}

Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,

proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}

Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}
Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.

convex convex
If uis , then {u < t}is for all t € R.
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}
Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.

convex convex
If uis ls.c. 2, then {u<t}is< closed » forall t€R.
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}

Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.

convex convex
If uis ls.c. 2, then {u<t}is< closed » foralltecR.
coercive bounded
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}

Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.

convex convex
If uis ls.c. 2, then {u<t}is< closed » foralltecR.
coercive bounded

= {u <t} € K" for all u € Conveee(R"), t > minyern u(x).
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Valuations on Conveoe(R")

A Suitable Space of Convex Functions

Conveoe(R") := {u : R" — (=00, 0] : conv,, ls.c.,
proper: 3x € R": u(x) < 400

coercive: im0 u(x) = —|—oo}

Sublevel sets: {u <t} ={xeR": u(x) <t}, teR.

convex convex
If uis ls.c. 2, then {u<t}is< closed » foralltecR.
coercive bounded

= {u <t} € K" for all u € Conveee(R"), t > minyern u(x).

Equipped with topology that is induced by epi-convergence.
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A Classification Result

Theorem (Colesanti, Ludwig, M., IMRN 2019)

Forn>2, a map Z : Conveoe(R") — [0, 00) is a continuous
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A Classification Result

Theorem (Colesanti, Ludwig, M., IMRN 2019)

Forn>2, a map Z : Conveoe(R") — [0, 00) is a continuous

m translation invariant: Z(uo %) = Z(u), V transl. T on R"
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A Classification Result

Theorem (Colesanti, Ludwig, M., IMRN 2019)

Forn>2, a map Z : Conveoe(R") — [0, 00) is a continuous

m translation invariant: Z(uo %) = Z(u), V transl. T on R"
m SL(n) invariant: Z(uo ¢~t) = Z(u), Ve € SL(n)
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A Classification Result

Theorem (Colesanti, Ludwig, M., IMRN 2019)

Forn>2, a map Z : Conveoe(R") — [0, 00) is a continuous

m translation invariant: Z(uo %) = Z(u), V transl. T on R"
m SL(n) invariant: Z(uo ¢~t) = Z(u), Ve € SL(n)
valuation if and only if there exist continuous functions
C0,¢1 : R — [0, 00) where fooo t"=1¢(t)dt < oo
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Valuations on K" Valuations on Conveoe(R") Valuations on Conveee(R”, Valuations on Convsc(R"

A Classification Result

Theorem (Colesanti, Ludwig, M., IMRN 2019)

Forn>2, a map Z : Conveoe(R") — [0, 00) is a continuous

m translation invariant: Z(uo %) = Z(u), V transl. T on R"
m SL(n) invariant: Z(uo ¢~t) = Z(u), Ve € SL(n)
valuation if and only if there exist continuous functions
C0,¢1 1 R — [0,00) where [;° t""(1(t) dt < oo such that

200) =G (mip u()) + [ a(u)ax

for every u € Conveee(R").
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Sketch of Proof

For Ke K ={K € K" : 0 € K} consider £, € Convcee(R")
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Sketch of Proof

For Ke K ={K € K" : 0 € K} consider £, € Convcee(R")
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Sketch of Proof

Enough to know Z(¢x + t) for every K € K2, t € R.
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Sketch of Proof

Enough to know Z(¢x + t) for every K € K2, t € R.
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Sketch of Proof

For every t € R, K +— Z({x + t) is a continuous, SL(n) invariant
valuation on K.
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Sketch of Proof

For every t € R, K +— Z({x + t) is a continuous, SL(n) invariant
valuation on K.

Theorem

Forn>2,amapp: Kl — R is a continuous, SL(n) invariant
valuation if and only if there exist constants cy, c, € R such that

p(K) = coVo(K) + cnVa(K)

for every K € K".
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Sketch of Proof

For every t € R, K — Z({x + t) is a continuous, SL(n) invariant
valuation on K.

Theorem

Forn>2,amapp: Kl — R is a continuous, SL(n) invariant
valuation if and only if there exist constants cy, c, € R such that

p(K) = coVo(K) + cnVa(K)

for every K € K".

We are lucky!

We do not assume translation invariance here but still end up with
translation invariant valuations.
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Valuations on Conveoe(R")

Sketch of Proof
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

Fabian Mussnig

SL(n) invariant valuations on convex functions



Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on .
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on .

m We can apply Blaschke's initial result.
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on K”.
m We can apply Blaschke's initial result.

m We have a McMullen decomposition.
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on .

m We can apply Blaschke's initial result.

m We have a McMullen decomposition.

Z is i-homogeneous < Z (u(5)) = N Z(u)
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on .

m We can apply Blaschke's initial result.

m We have a McMullen decomposition.
Z is i-homogeneous < Z (u(5)) = N Z(u)

u (o (min u(x)) is 0-homogeneous
x€R"
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Sketch of Proof

Calculations show that Z is uniquely determined by values of
Z(I% + t) with K € K", t € R.

For every t € R, K — Z(I®¥ + t) is a continuous, SL(n) and
translation invariant valuation on .

m We can apply Blaschke's initial result.

m We have a McMullen decomposition.
Z is i-homogeneous < Z (u(5)) = N Z(u)

u (o (min u(x)> is 0-homogeneous
x€R"

u ¢1(u(x)) dx is n-homogeneous
dom u
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Valuations on Convgee(R"”, R)

What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") 1 u(x) < 400, Vx € R"}
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Valuations on Convgee(R"”, R)

What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") 1 u(x) < 400, Vx € R"}

={u:R" = R, convex, coercive}
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What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") 1 u(x) < 400, Vx € R"}
={u:R" = R, convex, coercive}

Theorem (M., Adv. Math. 2019)

Forn>2, a map Z : Conveee(R",R) — [0,00) is a continuous,
SL(n) and translation invariant valuation
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What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") 1 u(x) < 400, Vx € R"}
={u:R" = R, convex, coercive}

Theorem (M., Adv. Math. 2019)

Forn>2, a map Z: Conveoe(R",R) — [0,00) is a continuous,
SL(n) and translation invariant valuation if and only if there exist
continuous functions (g, (1, (2 : R — [0, 00) where

Jo© t" (1) dt < oo and (o(t) = 0 for all t > T with some

T € R such that
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Valuations on " Valuations on Conveee(R") Valuations on Convgee(R"”, R) Valuations on Convgc (R

What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") : u(x) < +o00, Vx e R"}
={u:R" = R, convex, coercive}

Theorem (M., Adv. Math. 2019)

Forn>2, a map Z: Conveoe(R",R) — [0,00) is a continuous,
SL(n) and translation invariant valuation if and only if there exist
continuous functions (g, (1,2 : R — [0, 00) where

Jo© t" (1) dt < oo and (o(t) = 0 for all t > T with some

T € R such that

200) =6 (min o)) + [ Gatutyax
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Valuations on K" Valuations on Conveee(R") Valuations on Convgee(R"”, R) Valuations on Convsc(R”, R

What happens if we remove indicator functions?
Conveoe(R",R) = {u € Conveoe(R") : u(x) < +o00, Vx e R"}
={u:R" = R, convex, coercive}

Theorem (M., Adv. Math. 2019)

Forn>2, a map Z: Conveoe(R",R) — [0,00) is a continuous,
SL(n) and translation invariant valuation if and only if there exist
continuous functions (g, (1,2 : R — [0, 00) where

Jo© t" (1) dt < oo and (o(t) = 0 for all t > T with some

T € R such that

200) =6 (min o)) + [ Gatutyax
+ /dom . G (Vu*(x) - x — u*(x)) dx

for every u € Conveoe(R", R).
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Valuations on Convgee(R"”, R)

Convex conjugate

u:R" — [—o0, 4]
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Valuations on Convgee(R"”, R)

Convex conjugate

u:R" — [—o0, 4]
u*(x) = supyern (X -y — u(y)) ... convex conjugate
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Convex conjugate

u:R" — [—o0, 4]
u*(x) = supyern (X -y — u(y)) ... convex conjugate

m (hg) =1¥
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Convex conjugate

u:R" — [—o0, 4]
u*(x) = supyern (X -y — u(y)) ... convex conjugate

m (hg)* =2

_ [P

m u(x)
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Valuations on Convgee(R"”, R) Valuations on Convs(

Convex conjugate

u:R" — [—o0, 4]
u*(x) = supyern (X -y — u(y)) ... convex conjugate

m (hg)* =2
_ I
P

* _ X7 1,1 __
= u*(x) = , p+q—1

m u(x) 7

If u€ Conveoe(R™,R) N C2(R")
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Convex conjugate

u:R" — [—o0, 4]
u*(x) = supyern (X -y — u(y)) ... convex conjugate

m (hg)* =2
_ I
P

* _ X7 1,1 __
= u*(x) = , p+q—1

m u(x) 7

If u€ Conveoe(R™,R) N C2(R")

/ G(Vu*(x) - x — u*(x)) dx = / (o (u(x)) det (D?u(x)) dx
dom u* n
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Valuations on Convgee(R"”, R)

What happens on cone functions?

lk € Conveoe(R",R) < K €K, ={KeK":0€intK}
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Valuations on K" Valuations on Convcee(R") Valuations on Convgee(R"”, R) Valuations on Convgc(R"

What happens on cone functions?

lk € Conveoe(R",R) < K €K, ={KeK":0€intK}

Theorem (Haberl, Parapatits, JAMS 2014)

Forn>2, amapp: IC(’O) — R is a continuous and

SL(n) invariant valuation if and only if there exist constants
€y, €1, ¢ € R such that

,u(K) = COV0(K) + V,,(K) + C V,,(K*)

for all K € ICE’O).
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What happens on cone functions?

lk € Conveoe(R",R) < K €K, ={KeK":0€intK}

Theorem (Haberl, Parapatits, JAMS 2014)

Forn>2, amapp: IC(’O) — R is a continuous and

SL(n) invariant valuation if and only if there exist constants
€y, €1, ¢ € R such that

,u(K) = COV0(K) + V,,(K) + C V,,(K*)
for all K € ICE’O).
K*={xeR": x-y<1 Vye K} .. polar body
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What happens on cone functions?

lk € Conveoe(R",R) < K €K, ={KeK":0€intK}

Theorem (Haberl, Parapatits, JAMS 2014)

Forn>2, amapp: IC(’O) — R is a continuous and
SL(n) invariant valuation if and only if there exist constants
€y, €1, ¢ € R such that

1K) = coVo(K) + cLVa(K) + ca Vo(K*)

for all K € ICE’O).

K*={xeR": x-y <1, Vy € K} ... polar body
u— fdomu* C2(VU*(X) CX = U*(X)) dx = K Vn(K*)
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Further properties

u fdomli} C2(VF;((X) CX = k;((x)) dx = C2(0)Vn(K*)
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Valuations on Convgee(R"”, R)

Further properties

u fdomZ;‘( C2(VF;((X) CX = k;((x)) dx = C2(0)Vn(K*)

m Does not extend to Conveee(R"):
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Valuations on Convgee(R"”, R)

Further properties

u fdomZ;‘( C2(VF;((X) CX = k;((x)) dx = C2(0)Vn(K*)

m Does not extend to Conveee(R"): Let u =1 +t.
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Valuations on Convgee(R"”, R)

Further properties
" faomey C2(VE(x) - x =l (x)) dx = G2(0) Va(K™)

m Does not extend to Conveee(R"): Let u =1 +t.

u*=hg —t
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Valuations on Convgee(R"”, R)

Further properties
" faomey C2(VE(x) - x =l (x)) dx = G2(0) Va(K™)

m Does not extend to Conveee(R"): Let u =1 +t.

u* = hg —t, Vu*(x) - x = hg(x)
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Valuations on Convgee(R"”, R)

Further properties

& Jaomts (VL) - x — ((x)) dx = G(O)Va(K?)
m Does not extend to Conveee(R"): Let u =1 +t.

u* = hg —t, Vu*(x) - x = hg(x)

/ (o (Vu*(x) S X — u*(x)) dx = Co(t) dx
dom u* Rn
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Valuations on Convgee(R"”, R)

Further properties

& Jaomts (VL) - x — ((x)) dx = G(O)Va(K?)
m Does not extend to Conveee(R"): Let u =1 +t.

u* = hg —t, Vu*(x) - x = hg(x)

/ (o (Vu*(x) S X — u*(x)) dx = Co(t) dx
dom u* Rn

mou— [ G(Vu*(x) - x — u*(x)) dx is (—n)-homogeneous.
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Valuations on Convgee(R"”, R)

Further properties

& Jaomts (VL) - x — ((x)) dx = G(O)Va(K?)
m Does not extend to Conveee(R"): Let u =1 +t.

u* = hg —t, Vu*(x) - x = hg(x)

/ (o (Vu*(x) S X — u*(x)) dx = Co(t) dx
dom u* Rn

mou— [ G(Vu*(x) - x — u*(x)) dx is (—n)-homogeneous.

=—> No McMullen decomposition!
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Valuations on Convgee(R"”, R)

McMullen decomposition on Conv,e(R")?
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [IUMJ 2019+)

Let ¢ € C(R x R™) have compact support.
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [UMJ 2019+)

Let ¢ € C(R x R™) have compact support. The functional
Z : Conveoe(R") — R, defined by

2(u) = [ ¢(u(x). Vu(x) dx

is a continuous, translation invariant valuation.
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [UMJ 2019+)

Let ¢ € C(R x R™) have compact support. The functional
Z : Conveoe(R") — R, defined by

2(u) = [ C(ulx).)d84(u (x.5)

is a continuous, translation invariant valuation.
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [UMJ 2019+)

Let ¢ € C(R x R™) have compact support. The functional
Z : Conveoe(R") — R, defined by

2(u) = [ C(ulx).)d84(u (x.5)

is a continuous, translation invariant valuation.

There is hope!
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [UMJ 2019+)

Let ¢ € C(R x R™) have compact support. The functional
Z : Conveoe(R") — R, defined by

2(u) = [ C(ulx).)d84(u (x.5)

is a continuous, translation invariant valuation.

There is hope!

m Monika Ludwig's talk, Friday 9 a.m.
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McMullen decomposition on Conv,e(R")?

Theorem (Colesanti, Ludwig, M., [UMJ 2019+)

Let ¢ € C(R x R™) have compact support. The functional
Z : Conveoe(R") — R, defined by

2(u) = [ C(ulx).)d84(u (x.5)

is a continuous, translation invariant valuation.

There is hope!

m Monika Ludwig's talk, Friday 9 a.m.

m Jonas Knorr's poster.
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Valuations on Convsc(R"”, R)

What happens if we remove cone functions?
Convg.(R",R) = {u € Conveoe(R™,R) : limjy 400 % = —1—00}
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Valuations on Convsc(R"”, R)

What happens if we remove cone functions?
Convg.(R",R) = {u € Conveoe(R™,R) : limjy 400 % = —1—00}

= {u:R" — R, convex, super-coercive}
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What happens if we remove cone functions?
Convg.(R",R) = {u € Conveoe(R™,R) : limjy 400 % = —i—oo}
={u:R" — R, convex, super-coercive}
Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and translation invariant valuation
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What happens if we remove cone functions?
Convg.(R",R) = {u € Conveoe(R™,R) : limjy 400 % = —i—oo}
={u:R" — R, convex, super-coercive}
Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and translation invariant valuation if and only if there exist
continuous functions (g, (1, (2 : R — [0, 00) where

Jo© t" ¢ (t) dt < oo and (o(t) = 0 for all t > T with some

T € R such that
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What happens if we remove cone functions?
Convg.(R",R) = {u € Conveoe(R™,R) : limjy 400 % = —i—oo}
={u:R" — R, convex, super-coercive}
Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and translation invariant valuation if and only if there exist
continuous functions (g, (1, (2 : R — [0, 00) where

Jo© t" ¢ (t) dt < oo and (o(t) = 0 for all t > T with some

T € R such that

206) 6o (min o)) + [ Galutyax
+ /R" G (V' (x) - x — u¥(x)) dx

for every u € Convs.(R", R).
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Valuations on K" Valuations on Conveee(R") Valuations on Convcee(
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Valuations on Convgc(R"”

A dual result

u € Convg(R", R)

functions



Valuations on Convsc(R

A dual result

u € Convgc(R",R) <= u* € Conve(R",R)
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Valuations on Convsc(

A dual result

u € Convgc(R",R) <= u* € Conve(R",R)

u+Z(u) is a continuous, SL(n) invariant valuation on Convs.(R",R)

Fabian Mussnig

SL(n) invariant valuations on convex functions



Valuations on Convsc(R"”, R)

A dual result

u € Convgc(R",R) <= u* € Conve(R",R)

u+Z(u) is a continuous, SL(n) invariant valuation on Convs.(R",R)
<= uw Z"(u) ;= Z(u") is a continuous,
SL(n) invariant valuation on Convs(R",R)
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A dual result

u € Convgc(R",R) <= u* € Conve(R",R)

u+Z(u) is a continuous, SL(n) invariant valuation on Convs.(R",R)
<= uw Z"(u) ;= Z(u") is a continuous,

SL(n) invariant valuation on Convs(R",R)

Z is transl. inv. <= Z* is dually transl. inv.
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A dual result

u € Convgc(R",R) <= u* € Conve(R",R)

u+Z(u) is a continuous, SL(n) invariant valuation on Convs.(R",R)
<= uw Z"(u) ;= Z(u") is a continuous,
SL(n) invariant valuation on Convs(R",R)

Z is transl. inv. <= Z* is dually transl. inv.
Z*(u+1)=7Z"(u) Vu e Convsg(R"R),/ linear
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A dual result

Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and dually translation invariant valuation
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A dual result

Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and dually translation invariant valuation if and only if there
exist continuous functions (o, (1,2 : R — [0, 00) where

Jo© t" (1) dt < oo and (o(t) =0 for all t > T with some

T € R such that
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A dual result

Theorem (M., 2019+)

For n>2, a map Z : Convs.(R",R) — [0, 00) is a continuous,
SL(n) and dually translation invariant valuation if and only if there
exist continuous functions (o, (1,2 : R — [0, 00) where

Jo© t" (1) dt < oo and (o(t) =0 for all t > T with some

T € R such that

Z(u) =Go (u(0)) + L G(u”(x)) dx
+ /R" G (Vu(x) - x — u(x)) dx

for every u € Convs.(R", R).
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Valuations on Convsc(R"”

Thank you very much,




Thank you very much,
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