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Motivation

Let x0 ∈ Rn be s-sparse, b = Ax0 for A ∈ Rm×n (s < m < n).

minimize ‖x‖1 subject to Ax = b. (?)

When is x0 the unique solution of (?) ?

I Every row of A is seen as a measurement or observation that
reveals information about x0.

I Motivation: applications in seismic imaging, signal processing,
medical imaging, statistics and machine learning, ...
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Compressed Sensing

Let x0 ∈ Rn be s-sparse, b = Ax0 for random A ∈ Rm×n
(s < m < n).

minimize ‖x‖1 subject to Ax = b.

I Donoho, Candès, Romberg & Tao, Rudelson & Vershynin:
Successful recovery of x0 when

m ≥ const · log(n/m) · s

(“complexity” m is proportional to the “information content” s)

I Phase transitions for successful recovery were observed and
precisely located by Donoho & Tanner and Stojnic
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Observed Phase Transitions

Let x0 be s-sparse, b = Ax0 for random A ∈ Rm×n (s < m < n).

minimize ‖x‖1 subject to Ax = b.
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Observed Phase Transitions
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Observed Phase Transitions

Let x0 be s-sparse, b = Ax0 for random A ∈ Rm×n (s < m < n).

minimize ‖x‖1 subject to Ax = b.
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Observed Phase Transitions
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minimize ‖x‖1 subject to Ax = b.
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Phase Transitions for Linear Inverse Problems

Associate to a solution x0 of Ax = b and a convex problem

minimize f(x) subject to Ax = b (?)

a parameter δ(f,x0), the statistical dimension of f at x0.

Theorem [Amelunxen, L, McCoy & Tropp, 2014]

Let η ∈ (0, 1) and let x0 ∈ Rn be a fixed vector. Suppose A ∈ Rm×n

has independent standard normal entries, and let b = Ax0. Then

m ≥ δ(f,x0) + aη
√
n =⇒ (?) recovers x0 with probability ≥ 1− η;

m ≤ δ(f,x0)− aη
√
n =⇒ (?) recovers x0 with probability ≤ η.

where aη := 4
√

log(4/η).
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Phase Transitions for Linear Inverse Problems
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From Optimization to Geometry

The problem

minimize f(x) subject to Ax = b

has x0 as unique solution if and only if the optimality condition

kerA ∩ D(f,x0) = {0}

is satisfied, where

D(f,x0) :=
⋃
τ>0

{
y ∈ Rn : f(x0 + τy) ≤ f(x0)

}
is the convex descent cone of f at x0.

I A Gaussian ⇒ kerA uniform in Grassmannian
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The Mathematical Problem

Given a closed convex cone C ⊂ Rn and a random linear subspace
L with dimL = k, find:

P{C ∩ L 6= {0}} := νk({L ∈ Gr(k, n) : C ∩ L 6= {0}}),

where νk is the normalized Haar measure on the Grassmannian.

I Bounds can be derived from Gordon’s escape through the
mesh argument;

I Exact formulas for probability of intersection are based on the
Crofton Formula from (spherical) integral geometry.
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Spherical Intrinsic Volumes

v0(C), . . . , vn(C): spherical/conic intrinsic volumes of C.

0 5 10 15 20 25
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

vk(L), dimL = k

0 5 10 15 20 25
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

vk(Circ(n, π/4))

0 5 10 15 20 25
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

vk(Rn≥0)

0 5 10 15 20 25
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

vk({x : x1 ≤ · · · ≤ xn})

9 / 24



The Crofton and Kinematic Formula

I Kinematic Formula

P{C ∩QD 6= {0}} = 2
∑
i

vi(C)

( ∑
k odd

vn−i+k(D)

)
,

where Q uniformly distributed on SO(n).

I Crofton Formula

P{C ∩ L 6= {0}} = 2
∑
k odd

vm+k(C),

where L uniform in Gr(n−m,n).
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Moments
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Associate to a cone C the
discrete random variable XC with

P{XC = k} = vk(C),

and define the statistical
dimension as the expectation

δ(C) = E[XC ] =

n∑
k=0

kvk(C).

It appears that XC might
concentrate around δ(C).
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Concentration of Measure

Theorem (Amelunxen-L-McCoy-Tropp 2014)

Let C be a convex cone, and XC a discrete random variable with
distribution P{XC = k} = vk(C). Let δ(C) = E[XC ]. Then

P{|XC − δ(C)| > λ} ≤ 4 exp

(
−λ2/8
ω(C) + λ

)
for λ ≥ 0,

where ω(C) := min{δ(C), d− δ(C)}.

I Refined by McCoy-Tropp 2014.

I Central Limit Theorem by Goldstein-Nourdin-Peccati 2017.
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Approximate Crofton Formula

Applying the concentration result to the Crofton Formula

Corollary

Let η ∈ (0, 1) and assume L uniformly distributed in Gr(n−m,n).
Then

δ(C) ≤ m− aη
√
n =⇒ P

{
C ∩ L = {0}

}
≥ 1− η;

δ(C) ≥ m+ aη
√
n =⇒ P

{
C ∩ L = {0}

}
≤ η,

where aη := 4
√
log(4/η).

I If C = D(f,x0), define δ(f,x0) = δ(C).
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Approximate Kinematic Formula

Applying the concentration result to the Kinematic Formula

Corollary

Let η ∈ (0, 1) and assume one of C,D is not a subspace. Then

δ(C) + δ(D) ≤ n− aη
√
n =⇒ P

{
C ∩QD = {0}

}
≥ 1− η;

δ(C) + δ(D) ≥ n+ aη
√
n =⇒ P

{
C ∩QD = {0}

}
≤ η,

where aη := 4
√
log(4/η).
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Euclidean Integral Geometry

Do similar results hold in Euclidean space Rn?

Steiner Formula

Voln(K + λBn) =
n∑
i=0

λn−iκn−i ·Vi(K),

where K convex body, κi = Voli(Bi).

I Vi(K): i-th intrinsic volume;

I Wills functional W(K) = V0(K) + V1(K) + · · ·+Vn(K).
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Crofton and Kinematic Formula

Different normalization (Nijenhuis, ...)

Vi(K) :=
ωn+1

ωi+1
Vi(K), W(K) :=

n∑
i=0

Vi(K),

where ωk is the surface area of a k-dimensional unit ball.

I Crofton Formula∫
Af(n−i,n)

W(K ∩ E) µn−i(dE) =

n∑
k=i

Vk(K).
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Concentration of Intrinsic Volumes

Define the random variable IK as

P{IK = n− i} = Vi(K)

W(K)
, δ(K) := E[IK ].

Theorem (L-Tropp, 2019)

Var[IK ] ≤ 2 · δ(K), and for t ≥ 0,

P{|IK − δ(K)| ≥ t} ≤ 2 exp

(
−t2/2

2(δ(K) + t/3)

)

I Similar results for Vi(K) and other normalizations.
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Approximate Integral Geometry

Theorem (Approximate Crofton Formula)

Let η ∈ (0, 1). Then

∫
Af(n−i,n)

W(K ∩ E)

W(K)
µn−i(dE)

≤ η δ(K) ≥ n− i+ aη

√
δ(K)

≥ 1− η δ(K) ≤ n− i− aη
√
δ(K),

where aη :=
√

5 log(η−1).

Similar approximate version of Projection Formula.
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Approximate Integral Geometry

Approximate Kinematic Formula

Let η ∈ (0, 1). Then

∫
Gn

W(K ∩ gM)

W(K)W(M)
µ( dg)

≤ η δ(K) + δ(M) ≥ n+ aη

√
δ(K)

≥ 1− η δ(K) + δ(M) ≤ n− aη
√
δ(K),

where aη :=
√

5 log(η−1).

Similar approximate version of Rotation Mean Formula.
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Proof of Concentration

Let Y be any random variable.

I Moment generating function (mgf) mY (θ) := E eθY ;

I Cumulant generating function (cgf) ξY (θ) = logmY (θ).

Cramér-Chernoff

P{Y ≥ t} ≤ exp

(
inf
θ>0

[ξY (θ)− θt]
)
;

P{Y ≤ −t} ≤ exp

(
inf
θ<0

[ξY (θ) + θt]

)
.

I Goal: Find bound on ξY (θ) when Y = IK − δ(K).
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Proof Outline

Bound on ξY (θ) can be deduced from differential inequality:

Proposition

ξ′′IK (θ) ≤ 2ξ′IK (θ) for θ ∈ R.

I Define log-concave probability density

µθ(x) :=
1

W(K)
· 1

mIK (θ)
· e−Vθ(x) for x ∈ Rn and θ ∈ R.

where Vθ(x) := πe−2θ dist2K(x).

I Use integral form of Steiner Formula to derive the identities

ξ′IK (θ) = Eθ[2Vθ], ξ′′IK (θ) = Varθ[2Vθ]− 2ξ′IK (θ),

where Eθ and Varθ are mean and variance with respect to µθ;
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Proof Outline

I Final step: bound the variance term in

ξ′′IK (θ) = Varθ[2Vθ]− 2ξ′IK (θ).

I Use Brascamp-Lieb variance inequality

Varθ[f ] ≤
∫
Rn

〈
(∇2Vθ)

−1∇f, ∇f
〉
µθ( dx)

to bound
Var[2Vθ] ≤ 4E[2Vθ] = 4ξ′IK (θ).

I Concentration of normalized intrinsic volumes along the lines,
but uses other (concave) densities and variance bounds
(Nguyen, 2014).
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From Steiner formulas for cones to concentration of intrinsic volumes.
Discrete and Computational Geometry, 2014

L. Goldstein, I. Nourdin, and G. Peccati
Gaussian Phase Transitions and Conic Intrinsic Volumes: Steining the Steiner
Formula.
The Annals of Applied Probability, 2017

M. Lotz, M. B. McCoy, I. Nourdin, G. Peccati, and J. A. Tropp
Concentration of the Intrinsic Volumes of a Convex Body.
Geometric Aspects of Functional Analaysis - Israel Seminar (GAFA), 2017-2019
(to appear)

M. Lotz and J. A. Tropp
Phase Transitions in Integral Geometry.
In preparation, 2019 (?).

Thank You!
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