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Rearrangements

f ∈ L1(Rn), f F symmetric decreasing rearrangement

Rn

R+

o

t

Rn

R+

o
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{f F > t} is an open ball around o such that

voln({f F > t}) = voln({f > t})

For Ψ: (Rn)N → R+, f1, . . . , fN ∈ L1(Rn), set

IΨ(f1, . . . , fN) :=

∫
Rn

. . .

∫
Rn

Ψ(x1, . . . , xN)
N∏
i=1

fi (xi ) dx1 . . . dxN .

Goal: Find Ψ such that IΨ(f1, . . . , fN) ≥ IΨ(f F
1 , . . . , f

F
N ) [≤]
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Steiner symmetrization

u⊥o

u

K

SuK

(Suf )(x) :=
∫∞

0 1Su{f>t}(x) dt

IΨ(f1, . . . , fN)

≥ IΨ(Suf1, . . . ,SufN)

for all u ∈ Sn−1 implies

IΨ(f1, . . . , fN)

≥ IΨ(f F
1 , . . . , f

F
N ).

I Ψ(x1, . . . , xN) = Vj(conv{x1, . . . , xN}), j ∈ {1, . . . , n}

Groemer ’74, Pfiefer ’82, Hartzoulaki, Paouris ’03, Paouris, Pivovarov ’17

I Ψ(x1, . . . , xN) = voln(conv{±x1, . . . ,±xN}◦)

Cordero–Erausquin, Fradelizi, Paouris, Pivovarov ’15

I Ψ(x1, . . . , xN) = voln
(⋂N

i=1 Br (xi )
)
, r > 0

Paouris, Pivovarov ’17
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Randomized isoperimetric inequalities

X1, . . . ,XN ∼ unif(K ), Y1, . . . ,YN ∼ unif(BK ), independent

KN := conv{X1, . . . ,XN}, (BK )N := conv{Y1, . . . ,YN}

K

X1
X2

X3

X4

KN

Empirical inequalities:

EVj(KN) ≥ EVj((BK )N),

j ∈ {1, . . . , n}

KN → K a.s. as N → ∞
empirical ⇒ deterministic

Paouris, Pivovarov ’17
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Two-point symmetrization

Hemisphere H ∈ Snn−1, reflection ρ : Sn → Sn
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TK

(Tf )(x) :=
∫∞

0 1T{f>t}(x) dt

IΨ(f1, . . . , fN)

≥ IΨ(Tf1, . . . ,TfN)

for all H ∈ Snn−1 implies

IΨ(f1, . . . , fN)

≥ IΨ(f F
1 , . . . , f

F
N ).

I Ψ(x1, . . . , xN) =
∏

i<j κij(dSn(xi , xj)), κij decreasing

Burchard, Schmuckenschläger ’01, Morpurgo ’02
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Randomized Urysohn inequality

K ∈ K(Sn) = {K ⊆ Sn |K compact, proper, convex, intK 6= ∅}:

U1(K ) :=

∫
Snn−1

χ(K ∩ S) dS

Theorem (H., Pivovarov)

Ψ(x1, . . . , xN) = U1(conv{x1, . . . , xN})

IΨ(f1, . . . , fN) ≥ IΨ(f F
1 , . . . , f

F
N )

I As N →∞, U1(K ) ≥ U1(CK )
Gao, Hug, Schneider ’02

I Empirical Blaschke–Santaló via
1− U1(K ) ' σn(K ∗)

Sn

K

S

If f1, . . . , fN have proper support,

IΨ(f F
1 , . . . , f

F
N ) ≥ IΨ(‖f1‖∞1C1 , . . . , ‖fN‖∞1CN

)
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Random ball polyhedra

Theorem (H., Pivovarov)

Let f1, . . . , fN ∈ L1(Sn), r > 0

Intersection of random balls:

Ψr (x1, . . . , xN) = σn

(⋂N
i=1 Cr (xi )

)
IΨr (f1 . . . , fN) ≤ IΨr (f F

1 . . . , f F
N ),

Union of random balls:

Ψr (x1, . . . , xN) = σn

(⋃N
i=1 Cr (xi )

)
IΨr (f1 . . . , fN) ≥ IΨr (f

F
1 . . . , f F

N ).

Sn

x1

x2

x3

As N →∞,

I r -dual sets: σn(K r ) ≤ σn((CK )r ) Bezdek 2018

I Isoperimetric inequality: σn(Kr ) ≥ σn((CK )r ) Lévy 1919



Random ball polyhedra

Theorem (H., Pivovarov)

Let f1, . . . , fN ∈ L1(Sn), r > 0

Intersection of random balls:

Ψr (x1, . . . , xN) = σn

(⋂N
i=1 Cr (xi )

)
IΨr (f1 . . . , fN) ≤ IΨr (f F

1 . . . , f F
N ),

Union of random balls:

Ψr (x1, . . . , xN) = σn

(⋃N
i=1 Cr (xi )

)
IΨr (f1 . . . , fN) ≥ IΨr (f

F
1 . . . , f F

N ).

Sn

x1

x2

x3

As N →∞,

I r -dual sets: σn(K r ) ≤ σn((CK )r ) Bezdek 2018

I Isoperimetric inequality: σn(Kr ) ≥ σn((CK )r ) Lévy 1919
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Sketch of proof
x1, . . . , xN ∈ K :

U1(x1, . . . , xN) =

∫
Snn−1

χ(conv{x1, . . . , xN} ∩ S) dS
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ρK
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S
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